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STEADY-STATE TEMPERATURE DISTRIBUTION IN AN 

INHOMOGENEOUS MEDIUM WITH LOCAL INCLUSIONS 

Yu. I. Malov and L. K. Martinson UDC 536.24 

We present  a modification of the method of image regions [G. I. Marchuk, Methods of Numeri -  
cal Mathematics ,  Spr inger -Ver lag  [1975)] to solve the boundary-value problem for the s teady-  
state t empera tu re  distr ibution in an i r r egu la r  multiply connected region. 

We consider  the boundary-value problem for the tempera ture  distr ibution u(x) in the multiply connected 

N 
region G =- II \ U ~4 (Fig. 1), where 1I = {(xl, X2): 0 ~ X 1 --% L, 0 -< x 2 --< Z}, and COs is a region which c o r r e s -  

ponds to a local inclusion. At the boundary of the inciusion, the heat flux is zero: 

div [H(x) grad u (x)] = - -  [(x),  x = (xl ,  x2) CG, (1) 

Ou "% 
" l r = 0 , - - 0 n  = 0 ( s = 1 , 2  . . . . .  N). 

Here H(x) > 0 is the heat-conduction coefficient of the inhomogeneous medium; f(x) > 0, volume densi ty of the 
heat sources ;  F, boundary of the rectangular  region [I; Ys, boundary of the local inclusion COs; and n, normal  
to the contour "/s. 

We shall present  a method which makes it possible to find a r igorous solution of problem (1) for any 
shape and number of local inclusions co s. Together  with (1) we shall formulate an auxil iary problem in the 
rec tangular  region II: 

[ ovo ] ~;, 0 ~(x;  ~) = - -  

~'~ Oxm Oxm ] 
i l l  ~ 1 

V~! r = O, 

F(x), xEH, 

where ~(x; e) and F(x) are pieeewise-smooth functions which are defined as follows: 

~(x; ~)=I u(X)' xEG, F(x)= ff(x), xEG 
(~ - const>/0, x E F I \ G ,  [0, xEIING. 

(2) 

(3) 
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Since (2) is an equat ion  of the d i v e r g e n c e  type ,  and has  p i e c e w i s e - s m o o t h  coe f f i c i en t s ,  the Di r i ch l e t  
p r o b l e m  (2), (3) has  a unique cont inuous so lu t ion  [2, 3] which s a t i s f i e s  the H61der condi t ions  with r e s p e c t  to  
the v a r i a b l e s  x m.  At the l ines  of d i scon t inu i ty  of funct ion ~ (x; e), the  d e r i v a t i v e s  0ve/0x m have  a f i r s t  o r d e r  
d i scon t inu i ty  so  that  the fol lowing connec t ion  f o r m u l a s  hold: 

- O - n - -  ' a r~ Y s ' 

where the subscripts + and - denote the corresponding values of the functions at the different sides of the con- 
tours 7s. It is clear that for e = 0 these conditions take the form 

r)v~ % = O. 

Therefore, the solution of the original boundary-value problem (i) is obtained by restricting the �9 v0(x) 
of the problem (2), (3) which is continuous in the region II to the region G for e = 0. 

The auxiliary problem will be solved by reduction to an infinite system of linear algebraic equations [4]. 
Let us consider in the rectangle II the following orthogonal systems of functions: 

(x )=  2 kaxL sin nux~ 
Xkn -V-L-7 sin L - - / - T  ' 

y(1) 2 knxi n~x2 
k~ (x )=  - -  cos sin - - ,  

V ~  L l 

n~X 2 ~7(2) 2 kY~Xi COS - -  , 
~k. (x )=  ~-L-7 sin L I 

2 k~x~ n~x. 2 
Zkn (x) = V~_ ~ cos L cos --l 

Noting that  the  funct ion ve(x) van i shes  at  the con tour  F ,  we shal l  s e e k  the so lu t ion  of Eq.  (2) which b e -  
longs  to the s p a c e  C0,d~)A~Vt2(lI) [3] in the f o r m  of the fol lowing double t r i g o n o m e t r i c  s e r i e s :  

V8 (X) ~ <7 ahn (t~) Xhn (X). (4) 
h,n~l 

Since the funct ion ve(x  ) be longs  in the r eg ion  t2 to the  HSlde r  c l a s s  C 0, a i t  fol lows [5] that  the s e r i e s  on the 
r igh t -hand  s ide  of Eq.  (4) tends  to ve(x) u n i f o r m l y .  In addi t ion,  noting that  the  funct ion ve(x) is pos i t i ve  which 
fol lows f r o m  the phys i ca l  f o r m u l a t i o n  of the  p r o b l e m  with f(x) > 0, and us ing  the g e n e r a l i z e d  m e a n  value  t h e -  
o r e m ,  we obta in  

L 

2 ; sin kr~x~ dxi 
ah. = tF- D L 

o 

l 

i vs (xl, x2) dxz = FtYiX 2 sin 
l 

L 

2 n~x2 f" 
- -  V.L~ sin l w (xi) sin 

0 

knxi 
dx~ (0 < ~ < l). 

L 

Since the function 

l 
w (xd = ~ ~'~ (x(, x.,3 dx~ 

0 

is cont inuous in the i n t e rva l  [0, L],  and van i shes  at  i ts  ends ,  the  fol lowing r e l a t i on  holds:  
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Analogously, we obtain 

a h , ~ - O ( @ ) ,  n-+e~.  

Consequently, we have the following estimate for the coefficients akn of expansion (4): 

C 
l a ~ l ~ - - ,  C cons t>0 .  

We shal l  now d e t e r m i n e  the values  of these  coef f ic ien ts .  Subst i tut ing the a s s u m e d  f o r m  of so lu t ion  (4) into 
Eq. (2), we obtain  

where 

m ~ l  ~ k , n = l  

cz~)a~ (~) Y ~ '  (x)] = - -  F (x), 
(5) 

We now define the function 

I k~/L, i f  m = I ,  

(v (") (x; ~) = n (x; ~) 2 ~[? )% (~) v~?)(x) (6) 
i , i = l  

and, not ing that  the funct ions F(x) and ~(m)(x; e) belong to the space  L2([I), we can expand the se  funct ions in 
a doubie t r i g o n o m e t r i c  s e r i e s  in the r ec t ang le  tI: 

F (x) = ~ q~Xh~ (x), (7) 
h , n = l  

"(~).~('~) 'o' V(h~ ) (x). q)(m) (x; ~) = ,~h~ vk~ to: (8) 
k , n = O  

He re, 

{ ~h, if m = 1, ~k = { 1/2, if k = O, 

Using the expans ions  (7) and (8), we obtain f r o m  Eq. (5) 

2 

~z('~)~n -~nW!m) (e) ~- qhn (k, n = 1, 2, . . . ) .  (9) 

We note that the expansion coefficients of an arbitrary function g(x) ~ L2(I~) in a double trigonometric 
Fourier series of orthogonal functions Xkn(X), Y~a~)(x), Zkn(X)are, respectively, the scalar products (g, Xkn), 

,r(m). 
(g, ikn ), (g, Zkn) in the space L2(iI). 

Using (6), we find for the Fourier coefficients qo(~)(e) 

(II) 

1 

2 V E  
'~' ~!r (~) ((n, Zk_~, ~_:) § (--1)"' 0], Zk ~, ,,+:) + (-- 1) ~- '  (n, Z~+~ ~_:) + ( n ,  Zh+~, ~+:)}. ,J aii 

i , / = l  

(10) 

Denoting the Fourier coefficients of the functions ~ (x; ~) ~ L2(H) in the expansion in a double trigonome- 
tric series in terms of the functions Zkn(X) which are orthogonal in II by (rkn(~) and noting that Crkn(~) = (7, Zkn), ex- 

(I0) for ~0(~)(~) can be written in the form pression 

i 2 ~}?)%(~1(%_~.~_:(8) +(--11"%_~,~+:!~)+(--I:-'%+,.,_:(~)+%+~,~+:(e)}. (11) @~) ( e )  - 

..... 2 UU ~,:=, 
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Fig. 1 Fig. 2 
Fig. i. Multiply connected region with local inclusions. 

Fig. 2. Temperature field in a m u l t i p i y  connec ted  r e g i o n  with  l o c a l  inc lus  ions .  

Us ing  (11), w e e a n  now w r i t e  r e l a t i o n s  (9) in the  f o r m  

~ Dh~iaij (e) = qh,~ (k, n = 1, 2 . . . .  ), 
i,]=l 

w h e r e  

(i2) 

Dk,ii 2 ] / ' ~  [ \ L z LZ 12 ) [%-i .  ~+i (e) - -  

We s h a l l  n u m b e r  c o n s e c u t i v e l y  the  e l e m e n t s  of the in f in i te  m a t r i x  (akn) in such  a way  tha t  each  p a i r  of 
i nd i ce s  k and n c o r r e s p o n d s  to a n u m b e r  tL a c c o r d i n g  to  the  r u l e  

1 
I~= T (k + n) (k + n - - 1 ) - -  n - - 1 .  

(13) 

A n a l o g o u s l y ,  

1 
v = - -  ( i +  ])(i-}- ] - - l ) - - ] - -  l. 

2 
A c c o r d i n g  to the  r u l e s  (13) and (14), we put 

(14) 

and w r i t e  r e l a t i o n s  (12) in the  f o r m  

~ (e) = ah~ (e), Tit = qTr , S i t , =  Dhnii 

• S ~ ( e ) =  T~ (~t = 1, 2 . . . .  ). 
(15) 

V=I 

We note tha t  the  m a t r i x  e l e m e n t s  S~v at  the  p r i n c i p a l  d i a g o n a l  exceed  in abso lu t e  va lue  the  r e m a i n i n g  
m a t r i x  e l e m e n t s .  Equa t ion  (15) can  t h e r e f o r e  be  t r a n s f o r m e d  into the  fo l lowing  s y s t e m  of  a l g e b r a i c  equa t ions  
of  the  s econd  kind: 

~ (e)d- Z Qit,~v ( e ) =  r~ (~ := 1, 2 . . . .  ), 

v§ (16) 

Sit~ Tit Q , , =  tit = - W .  = s it. 

C l e a r l y ,  the  c o r r e s p o n d e n c e  (k, n) ~ t~  def ined  by  (13) is  one to  one in the r e g i o n  of whole  n u m b e r s ,  and fo r  
each  p = 1, 2 , . . .  one can  find the  i n d i c e s  k and n f r o m  the  f o r m u l a  
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k ~---2--1 E (p) [E (~t) - -  l], n=-2-1  E ( p ) [ E ( p ) + l l - - p §  (17) 

where E(p) is the whole part of the real number 1/2 + 2v~-. The following estimates hold: 

k--0(pl /2) ,  n --- O (~t l /2) ,  n---~ oo. 

Then, using the estimate 

C 
IO'hn (s)[ ~ - -  , C -- const, 

k - l - r t  

for the Fourier coefficients of piecewise-smooth function ~](x;~) which is nonnegative in the region II, one can 
show analogously to [6, 7] that the reduction method [8] is applicable for the approximate solution of the infi- 
nite system (16). Having determined the number sequence {4#(s)}~= I from the infinite system (16), the two- 

dimensional sequence {akn}~ ' n= 1 can then be constructed using the correspondences (17). 

It should be noted that the coefficients Qgu of the unknowns 4u(s) in the equations of the infinite system 
(16) depend on the parameter e which enters explicitly only in values of theFourier coefficients akn(S) of the 
function ~ (x; ~), and 

oko( )=;i ;; z .(x)dx 
(6) ( n \ 6 )  

Therefore, if we put s = 0 in the solution of the infinite system (16), then the function 

Vo (x) = s ak~ (o) x k .  (x) /_..a 
h , n ~  I 

gives a rigorous solution of the original boundary-value problem (i) in the multiply connected region G. 

Figure 2 shows the example of a numerical calculation of the temperature field induced by a local point 

heat source when f(x) = A6(x l- L/2, x 2- I/2), and for the following parameters of the problem: L = i, I -- i, 

H = i, A = 36. The rectangular local inclusions are shaded. The steady-state temperature distribution is 

shown in the form of isothermal lines. 

In conclusion, we note that the numerical calculation using the above scheme uses only the standard pro- 
cedures for the calculation of Fourier coefficients and the solution of a linear algebraic system of equations. 
The suggested method for the solution of the boundary value problem (i) is therefore sufficiently effective and 

simple for engineering calculations. 
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